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neutrosophic cubic sets 
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Abstract—R-unions and R-intersections of T-external (I- 
external, F-external) neutrosophic cubic sets are considered. 
Examples to show that the R-intersection and R-union of T- 
external (I-external, F-external) neutrosophic cubic sets may not 
be a T-external (I-external, F-external) neutrosophic cubic set 
are provided. Conditions for the R-union and R-intersection of 
T-external (I-external, F-external) neutrosophic cubic sets to be 
a T-external (I-external, F-external) neutrosophic cubic set are 
discussed. 


Index Terms—Truth-internal (indeterminacy-internal, falsity- 
internal) neutrosophic cubic set, truth-external (indeterminacy- 
external, falsity-external) neutrosophic cubic set, R-union, R- 
intersection. 


I. INTRODUCTION 


MARANDACHE ([5], [6]) developed the concept of neu- 
S trosophic set as a more general platform which extends 
the concepts of the classic set and fuzzy set, intuitionistic 
fuzzy set and interval valued intuitionistic fuzzy set. We know 
that neutrosophic set theory is applied to various part (refer 
to the site http:// fs.gallup.unm.edu/neutrosophy.htm). Ali and 
Smarandache [1] introduced complex neutrosophic sets to 
handle imprecise, indeterminate, inconsistent, and incomplete 
information of periodic nature. Deli et al. [2] introduced the 
concept of bipolar neutrosophic set and its some operations. 
In [3], Jun et al. introduced the notion of (internal, external) 
cubic sets, and investigated several properties. Jun et al. [4] 
extended the concept of cubic sets to the neutrosophic sets, and 
introduced/investigated the notions/properties of T-internal (I- 
internal, F-internal) neutrosophic cubic sets and T-external (I- 
external, F-external) neutrosophic cubic sets. As a continuation 
of the paper [4], we consider R-unions and R-intersections 
of T-external (I-external, F-external) neutrosophic cubic sets. 
We provide examples to show that the R-intersection and 
the R-union of T-external (resp. I-external and F-external) 
neutrosophic cubic sets may not be a T-external (resp. I- 
external and F-external) neutrosophic cubic set. We discuss 
conditions for the R-union of T-external (resp. I-external and 
F-external) neutrosophic cubic sets to be a T-external (resp. I- 
external and F-external) neutrosophic cubic set. We consider a 
condition for the R-intersection of T-external (resp. I-external 
and F-external) neutrosophic cubic sets to be a T-external 
(resp. I-external and F-external) neutrosophic cubic set. 
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II. R-INTERSECTIONS AND R-UNIONS OF 
NEUTROSOPHIC CUBIC SETS 


Jun et al. [4] considered the notion of neutrosophic cubic 
sets as an extension of cubic sets. 

Let X be a non-empty set. A neutrosophic cubic set (NCS) 
in X is a pair A = (A, A) where 


A := {(x; Ar(x), Ar(x), Ar(x)) | x € X} 
is an interval neutrosophic set in X and 
A := {(a;Ar(2), Ar(2), Ar (2)) | £ € X} 


is a single-valued neutrosophic set in X. 

For further particulars on the notions of T (resp., I, F)- 
internal neutrosophic cubic sets, T (resp., I, F)-external neutro- 
sophic cubic sets, R-union and R-intersection of neutrosophic 
cubic sets, we refer the reader to the the paper [4]. 

We know that R-intersection and R-union of T-external 
(resp., I-external and F-external) neutrosophic cubic sets may 
not be a T-external (resp., I-external and F-external) neutro- 
sophic cubic sets as seen in the following example. 

Example 2.1: Let A = (A,A) and B = (B,W) be 
neutrosophic cubic sets in X = [0,1] where 

A = {(z; (0.5, 0.7], [0.2, 0.4], [0.3, 0.5]) | z € [0, 1]}, 

A = {(x;0.6,0.7,0.8) | z € [0, 1]}, 

B = {(a; (0.6, 0.7], [0.6, 0.8], [0.7,0.9]) | x € [0, 1]}, 

W = { (x; 0.5, 0.9, 0.8) | x € [0, 1]}. 

Then A = (A,A) and B = (B,W) are I-external neutro- 
sophic cubic sets in X = [0,1]. The R-union A Ur B = 
(AUB,AAW) of A= (A,A) and B = (B, Ẹ) is given as 
follows: 

AUB = {(2; [0.6, 0.7], [0.6, 0.8], [0.7, 0.9]) | x € [0, 1]}, 

AAW = {({x;0.5, 0.7, 0.8) | x € [0,1]}, 
and it is not an I-external neutrosophic cubic set in X = [0, 1]. 

We provide a condition for the R-union of two T-external 
(resp., I-external, F-external) neutrosophic cubic sets to be T- 
external (resp., I-external, F-external). 

Theorem 2.2: Let A = (A, A) and B = (B, Ẹ) be I-external 
neutrosophic cubic sets in X such that 

max {min{ Af (x), By (x)},min{A; (x), B7 («)}} 

< (Ar A Yr) (2) 

< min {max{A} (x£), By (z)},max{Aj (£), B} (x)}} 
for all x € X. Then the R-union A Ur B = (A U B, AA W) 
is an I-external neutrosophic cubic set in X. 

Proof. For any x € X, let 

as := max {min{ A} (x), By (x)}, min{A; (x), B} (£)}} 
and 

by := min {max{ A} (x), B7 (£)}, max{ A7 (£), B} (x)}}. 
Then bsp = Azle) bs = Be), by = APG), or 
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bz = B} (x). It is possible to consider the cases b, = By (x) 
and b; = BT (x) only because the remaining cases are similar 
to these cases. If b» = B7 (x), then Aj (x) < BẸ (x) and so 


Aj (x) < Af (x) < By (a) < BF (2). 
Thus a, = Aj (x), and so 
(Ar U Br) (x) = By (x) = bz > (Ar A wv7)(2) 








Hence 

(Ar A v7) x) ¢ (( (ArU Br) (x), (ArU By)* (x a8 
If bs = By (a), then A7 (x) < B} (ax) < Af (a) and thus 
a, = max{ Ap (x), B7 (x)}. Suppose that a, = A; (x). Then 


< (Ar A Yr) (z) 


Ga 


It follows that 
By (x) < Ay (£) < (Ar A Yr)(2) < B7 (2) < AF (=) Œ 
or 
B; (x) < A; (£) = (Ar A Yr) (2) < BF (£) < AF (2). D 
The case (1) induces a contradiction. The case (2) implies that 
(Ar A Yr) (x) ¢ ((Ar U Br) (2), (Ar U Br)*(2)) 


since (A; A Yr)(xz) = A; (x) = (Ar U Br) (x). Now, if 
az = By (x), then 


Hence we have 


Aj (x) < By (2) < (Ar A Yr)(2) < B} (z) < A} (=) 6) 


or 


Ay (x) < By (2) = (Ar A Yr)(2) < B} (x) < A} (2). ® 


The case (3) induces a contradiction. The case (4) implies that 
(Ar A Yr) (£) ¢ ((Ar U Br)" (£), (Ar U Br)* (x)) . 


Therefore the R-union A Ur B = (AUB,AA WÙ) is an I- 
external neutrosophic cubic set in X. 
Similarly, we have the following theorems. 
Theorem 2.3: Let A = (A,A) and B = (B 
external neutrosophic cubic sets in X such that 
max {min{ A} (x), Bp (£)}, min{ A7 (x), Bf(x)}} 


< Ar A Yr)(z) 
< min {max{A}(x), B7 (£)}, max{ A7 (£), B$ (£)}} 


Y) be T- 


for all x € X. Then the R-union A Ur B = (AU B, AA Y) 
is a T-external neutrosophic cubic set in X. 
Theorem 2.4: Let A = (A,A) and B = (B, Ù) be F- 


external neutrosophic cubic sets in X such that 

max {min{ A} (£), Bp (£)}, min{ Ap (x), BE (x)}} 

< Ar A Yr) (2) 

< min {max{A} (zx), Bp (x)},max{A;(x), BE(x)}} 
for all x € X. Then the R-union A Ug B = (AU B, AA Y) 
is an F-external neutrosophic cubic set in X. 


Corollary 2.5: Let A = (A, A) and B = (B, V) be external 
neutrosophic cubic sets in X. Then the R-union of A = (A, A) 
and 6 = (B,W) is an external neutrosophic cubic set in X 
when the conditions in Theorems 2.2 2.3 and 2.4 are valid. 

The following examples show that the R-intersection of two 
T-external (resp., I-external, F-external) neutrosophic cubic 
sets may not be T-external (resp., I-external, F-external). 

Example 2.6: Let A = (A,A) and B = (B,W) be 
sea cubic sets in X = [0, 1] where 

= { (x; [0.2, 0.4], [0.5, 0.7], [0.3, 0.5]) | x € [0, 1]}, 


w ,0.4, 0.8) | z € [0, 1]}, 

B = { (zr; [0.6, 0.8), [0.4, 0.7], [0.7, 0.9]) | a € [0, 1]}, 

Y = {(x;0.3, 0.3, 0.8) | « € [0, 1]}. 
Then A = (A, A) and B = (B, WV) are T-external neutrosophic 
cubic sets in X = [0,1]. The R-intersection A Nrg B = 
(ANB,AVW) of A = (A,A) and B = (B,W) is given 
as follows: 

ANB = {(z; (0.2, 0.4], (0.4, 0.7], [0.3,0.5]) | æ € [0,1]}, 


AV Y = {(x;0.3, 0.4, 0.8) | x € [0, 1]}, 


and it is not a T-external neutrosophic cubic set in X = [0, 1]. 
We provide a condition for the R-intersection of two T- 

external (resp., I-external, F-external) neutrosophic cubic sets 

to be T-external (resp., I-external, F-external). 
Theorem 2.7: Let A = (A,A) and B = (B 

external neutrosophic cubic sets in X such that 
max {min{ A} (x), Br (x)},min{ A7 (x), B} (æ)}} 
< Or V Yr)(z) 
< min {max{A} (x), Bp (x)}, max{ A7 (£), BE (£)}} 

for all x € X. Then the R-intersection A Or B = 

(A MB,AV W) is a T-external neutrosophic cubic set in X. 
Proof. For any x € X, let 


Cs = max {min{ A} (x), Bz (x)},min{ A7 (£), 


W) be T- 


Br(x)}} 
and 
dz := min {max{ A} (x), Bp (z)},max{A;(z), BE (x)}}. 


Then ds = A7z(x), dy = B7 (£), dy = AŻ(x), or ds = 
B} (x). It is possible to consider the cases dy = Ap (x) and 
dy = Aj. (x) only because the remaining cases are similar to 
these cases. If dy = Aj (a), then 


Bz (2) < B(x) < Ap(a) < A(z). 
Thus cs = B(x), and so 
(Ar N Br) (x) < (Ar N Br)*(2) 
= BP(t)=ce < Ar V pr)(2). 
£) ¢ ((Ar N Br) (2), (Ar N Br)*(z)). 





a B7 (x) < A}(x) < B(x) and thus 
By (x)}. Suppose that cy = A7 (x£). Then 


< (Ar V Yr) (z) 


It follows that 


B7 (x) < Ap(z) < (Ar V Yyr)(x) < A} (£) < BE(z) (5) 
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or 
By (a) < Ap(x) < Ar V Yr) (z) = A} (£) < Br(x). (6) 
The case (5) induces a contradiction. The case (6) implies that 


(Ar V Yr)(z) ¢ ((Ar N Br) (z), (Ar N Br)*(2)) 


since (Ap V Yr)(x) = Ap (x) = (Ar N Br)* (x). Now, if 
Cs = Br (2); then 


Hence we have 
Ap (x) < B(x) < (Ar V vr)(2) < A} (£) < BE) (7) 
or 
Ap (2) < Bp (£) < (Ar V Yr)(x) = AF (£) < B(x). (8) 
The case (7) induces a contradiction. The case (8) induces 
(Ar V Yr) (x) ¢ (Ar N Br) (x), (Ar N Br)*(2)) . 


Therefore the R-intersection A Npr B = (ANB,AV YW) isa 
T-external neutrosophic cubic set in X. 

Similarly, we have the following theorems. 

Theorem 2.8: Let A = (A, A) and B = (B, Y) be L-external 
neutrosophic cubic sets in X such that 

max {min{ Aj (x), By (x)},min{A; (x), BY (x)}} 

< Ar V ¥71)(2) 

< min {max{A} (zx), By (x)},max{A; (x), B} (£)}} 
for all x € X. Then the R-intersection A Nr B = 
(A MB,AV W) is an I-external neutrosophic cubic set in X. 

Theorem 2.9: Let A = (A,A) and B = (B,W) be F- 
external neutrosophic cubic sets in X such that 

max {min{ A} (x), Bp (x)},min{ Ap (x), BE (£)}} 

< Or V Yr) (z) 

< min {max{A} (z), Bp (x)},max{Ap(x), BE(£)}} 
for all x € X. Then the R-intersection A Nr B = 
(A MB,AV W) is an F-external neutrosophic cubic set in X. 

Corollary 2.10: Let A = (A,A) and B = (B,W) be 
external neutrosophic cubic sets in X. Then the R-intersection 
of A = (A, A) and B = (B,W) is an external neutrosophic 
cubic set in X when the conditions in Theorems 2.7, 2.8 and 
2.9 are valid. 


III. CONCLUSION 


We have considered the R-union and R-intersection of T- 
external (I-external, F-external) neutrosophic cubic sets. We 
have provided examples to show that the R-intersection and 
R-union of T-external (resp. I-external and F-external) neutro- 
sophic cubic sets may not be a T-external (resp. I-external 
and F-external) neutrosophic cubic set. We have discussed 
conditions for the R-union and R-intersection of T-external 
(resp. I-external and F-external) neutrosophic cubic sets to 
be a T-external (resp. I-external and F-external) neutrosophic 
cubic set. Based on this paper, we will study conditions 
for the R-intersection of two neutrosophic cubic sets to be 
both an a-external neutrosophic cubic set and an a-internal 
neutrosophic cubic set for a € {T,I, F}. Also, we will 


2016 IEEE International Conference on Fuzzy Systems (FUZZ) 


consider conditions for the R-union and R-intersection of 
two a-internal neutrosophic cubic sets to be an a-external 
neutrosophic cubic set for a € {T, I, F}. 
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